ResearchGate

See discussions, stats, and author profiles for this publication at:

Complex Analysis: Problems with solutions

Book - August 2015

DOI: 10.13140/RG.2.1.1305.7362

CITATIONS READS
0 5,953
1 author:

University of Queensland

31 PUBLICATIONS 13 CITATIONS

SEE PROFILE

Allin-text references are linked to publications on ResearchGate, Available from: Juan Carlos Ponce-Campuzano
letting you access and read them immediately. Retrieved on: 06 September 2016


https://www.researchgate.net/publication/280722238_Complex_Analysis_Problems_with_solutions?enrichId=rgreq-4bae967b86ee10092c320d283ae6fc43-XXX&enrichSource=Y292ZXJQYWdlOzI4MDcyMjIzODtBUzoyNTkyOTM3MzE2MTg4MThAMTQzODgzMTg1MTUxOA%3D%3D&el=1_x_2
https://www.researchgate.net/publication/280722238_Complex_Analysis_Problems_with_solutions?enrichId=rgreq-4bae967b86ee10092c320d283ae6fc43-XXX&enrichSource=Y292ZXJQYWdlOzI4MDcyMjIzODtBUzoyNTkyOTM3MzE2MTg4MThAMTQzODgzMTg1MTUxOA%3D%3D&el=1_x_3
https://www.researchgate.net/?enrichId=rgreq-4bae967b86ee10092c320d283ae6fc43-XXX&enrichSource=Y292ZXJQYWdlOzI4MDcyMjIzODtBUzoyNTkyOTM3MzE2MTg4MThAMTQzODgzMTg1MTUxOA%3D%3D&el=1_x_1
https://www.researchgate.net/profile/Juan_Carlos_Ponce-Campuzano?enrichId=rgreq-4bae967b86ee10092c320d283ae6fc43-XXX&enrichSource=Y292ZXJQYWdlOzI4MDcyMjIzODtBUzoyNTkyOTM3MzE2MTg4MThAMTQzODgzMTg1MTUxOA%3D%3D&el=1_x_4
https://www.researchgate.net/profile/Juan_Carlos_Ponce-Campuzano?enrichId=rgreq-4bae967b86ee10092c320d283ae6fc43-XXX&enrichSource=Y292ZXJQYWdlOzI4MDcyMjIzODtBUzoyNTkyOTM3MzE2MTg4MThAMTQzODgzMTg1MTUxOA%3D%3D&el=1_x_5
https://www.researchgate.net/institution/University_of_Queensland?enrichId=rgreq-4bae967b86ee10092c320d283ae6fc43-XXX&enrichSource=Y292ZXJQYWdlOzI4MDcyMjIzODtBUzoyNTkyOTM3MzE2MTg4MThAMTQzODgzMTg1MTUxOA%3D%3D&el=1_x_6
https://www.researchgate.net/profile/Juan_Carlos_Ponce-Campuzano?enrichId=rgreq-4bae967b86ee10092c320d283ae6fc43-XXX&enrichSource=Y292ZXJQYWdlOzI4MDcyMjIzODtBUzoyNTkyOTM3MzE2MTg4MThAMTQzODgzMTg1MTUxOA%3D%3D&el=1_x_7

e+ 1=0

CoMPLEX ANALYSIS

Problems with solutions

F(2)\=

o =

D

Juan Carlos Ponce Campuzano






Contents

Proem

1 Complex Numbers
1.1 Basic algebraic properties . . . .. ... ... .. o000
1.2 Modulus . . . . . . .

1.3 Exponential and Polar Form, Complex roots . . .. ... ... ...

2 Functions
2.1 Basicnotions and limits . . . . . . . . . . ... ...
2.2 Continuity and Differentiation . . ... ... ... .. ... .....

23 Analyticfunctions. . . . ... ... oo o o

3 Complex Integrals
3.1 Contourintegrals . . ... ... ... ... ... ... .. . ...
3.2 Cauchy Integral Theorem and Cauchy Integral Formula . . . . ..

3.3 Improperintegrals . ... ... ... ... ... . . ... . ... ..

4 Series
4.1 Taylor and Laurentseries . ... .. ... ...............

4.2 C(lassification of singularities . . . ... ... ... ..........



iv CONTENTS

43 Applications of residues . . . . ... ... oo Lo 75
431 Improperintegrals . ... ... ... ... .......... 80

Bibliography 83



Proem

This text constitutes a collection of problems for using as an additional learning
resource for those who are taking an introductory course in complex analysis.
The problems are numbered and allocated in four chapters corresponding to
different subject areas: Complex Numbers, Functions, Complex Integrals and Series.
The majority of problems are provided with answers, detailed procedures and
hints (sometimes incomplete solutions).

Of course, no project such as this can be free from errors and incompleteness.
I will be grateful to everyone who points out any typos, incorrect solutions, or
sends any other suggestion for improving this manuscript.

Contact: j.ponce@ug.edu.au

2015
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Chapter 1

Complex Numbers

1.1 Basic algebraic properties

1. Verify that

(a) (ﬂ—i) —i(l—ﬁi) Y
(b) (2—3i) (=2 +1i) = —1+8i

Solution. We have
(V2—i)—i(1-v2i) =v2—i-i+v2=

and

(2—3i)(—2+i) = —4+2i+6i—3i*=—4+3+8i

2. Reduce the quantity
5i

(1—-9)(2—1)(3—1)

to a real number.

Solution. We have
51 51 i

A-)2—)B-1) 0-)05-5) @1_i7

—21,

= —1+ 8i.
P 1

—2i 2



1. Complex Numbers

3. Show that

(a) Re(iz) = —Im(z);
(b) Im(iz) = Re(z).

Proof. Let z = x + yi with x = Re(z) and y = Im(z). Then
Re(iz) = Re(—y + xi) = —y = —Im(z)
and
Im(iz) = Im(—y + xi) = x = Re(z).
H

4. Verity the associative law for multiplication of complex numbers. That is,
show that

(2122)23 =1 (2223)

for all z1, 25,23 € C.

Proof. Let zx = xx +iy; for k =1,2,3. Then

(z122)z3 = ((x1 + Y1) (X2 + yai) ) (x5 + y3i)

(x1%2 — Yyay2) + i(xay1 + x12)) (%3 + y3i)
X1X2X3 — X3Y1Y2 — X2Y1Y3 — X1y2y3)

+ i(x2x3Yy1 + X1X3Y2 + X1X2Y3 — Y1Y2Y3)

= (
= (

and
z1(2z223) = (%1 +y1i) ((x2 + y2i) ) (x3 + y3i))
= (x1 4+ v11) ((x2x3 — Yoy3) + i(x2y3 + X3Y2))
= (x1x2x3 — X3Y1Y2 — X2Y1Ys3 — x1y2y3)
+ i(x2x3Y1 + X1X3Y2 + X1X2Y3 — Y1Y2Y3)
Therefore,

(z122)z3 = z1(2223)
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5. Compute

241
@ 5

(b) (1 —2i)*.

Answer: (a) (3 +4i)/5, (b) —7 + 24i.

6. Let f be the map sending each complex number
z=x+yi — [ * y]
Show that f(lez) = f(Zl)f(Zz) for all z1,z, € C.

Proof. Let zx = xx + yxi for k = 1,2. Then

2122 = (x1 + y11) (%2 + y2i) = (0132 — y1y2) + i(xX2y1 + xX1Y2)
and hence
X1X2 —Yi1Y2  XoY1 + X1Y2

—X2Y1 — X1Y2 X1X2 — Y1lY2

f(z1z2) =

On the other hand,

f<z1>f<zZ>=[’“ ’ﬂ] ["2 W]:[W‘WZ )

-1 X1 —Y2 X2 —X2Y1 — X1Y2 X1X2 — Y12

Therefore, f(lez) = f(Zl)f(Zz).

7. Use binomial theorem

n __ n n n n—1 n n—1 n n
(a+0b) —(O>a +(1>a b+...+<n_1>ab +<n>b
= (M kk
= a’ *b
L (&)
to expand

(@) (1++v/30)*1;
(b) (1—|—\/§i)_2011.




6 1. Complex Numbers

Solution. By binomial theorem,

(14 /31)21 = 2%;1 (2011> (V3i)k = 2%;1 (2011>3’</2i’<.

k=0 k k=0 k

Since i* = (—1)" for k = 2m even and i* = (—1)"i for k = 2m + 1 odd,
(1+ \/51-)2011 _ Z (2011>3m(_1)m
o<am=o011 \ 21

+1

2011 )3m\@(_1)m

0<2m+1<2011 (2m +1
1005 2011 m 1005 2011 .
_Z< ) +Zm;o<2m+1>(_3) V3.

Similarly,

\ 2011
(1+\@i)_2011:< ! ): e
1+\f i 4
A 2011 Nk
42011 Z ( ) (—V3i)
1 1005 2011 .
=g L (e )9

i 1005 2011 .
42011 Z (2m+1>( 3) \/5

1.2 Modulus

1. Show that
|Z1 — 22‘2 -+ ‘Zl + Zz|2 = 2(‘Zl|2 + ‘22‘2>

for all z1,z, € C.



1.2. Modulus

Proof. We have

|21 — 22> + |21 + 22/

= (21— 22) (21 — 2) + (21 + 2) (21 + 22)

= (z1 —22)(Z1 — 22) + (21 + 22) (21 + 22)
= ((z121 + 2222) — (2122 + 2221) ) + ((z121 + 2222) + (2122 + 2221))
= 2(21Z) + %) = 2(|z1)* + |22]?).

2. Verify that v/2|z| > |Rez| + |Imz|.
Hint: Reduce this inequality to (|x| — |y|)? >

Solution. Note that

0 < (|Rez| + |Imz|)* = |Rez|* — 2| Rez||Imz| + | Im z|?,

Thus
2|Rez||Imz| < |Rez|* + |Imz|?,
and then
|Rez|? +2|Rez||Imz| + |Imz|* < 2(|Rez[* + | Im z|?).
That is

(|Rez| + |Imz|)? < 2(|Rez[? + |Imz[?) = 2|23,

and therefore,
|Rez| + |Imz| < v2lz].

3. Sketch the curves in the complex plane given by
(@) Im(z) = —1;
) |z—1]=|z+1i|;
() 2|z| = |z —2].



1. Complex Numbers

Solution. Let z = x + yi.

(@) {Im(z) = —1} = {y = —1} is the horizontal line passing through the
point —i.

(b) Since

z—1] =|z+i| < [(x—1) +yi| =[x+ (y + 1)i]
S| =1) +yif* =[x+ (y + Di
S -1 4y =+ y+1)
S x+y=0,
the curve is the line x +y = 0.

(c) Since

2zl = |z - 2| & 2|x +yi| = |(x — 2) + yi
<:>4\96+yl|2—|( 2) +yil®
&4 +y7) = ( 2> +y°
& 3x° —|—4x—|— ¥ =4

@(x—i—g)Z—l—y 16
3 9
o l+3 =
3] 3

the curve is the circle with centre at —2/3 and radius 4/3.

4. Show that
R*—R z+iz | _ RU4R
RZ4+R+1 7 |z224z+1| ~ (R—1)?
for all z satisfying |z| = R > 1.
Proof. When |z| = R > 1,
|2 +iz| > |2%] — liz| = |z|* - [i]|z] = R* — R

and
22 +z+ 1] < |22+ |z[ +]1] = |2 + 2] +1= R* + R +1
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by triangle inequality. Hence
zt+iz ‘ R*—R

> )
zZ24+z4+1] " RZ+R+1

On the other hand,
1z +iz| < |2 + |iz] = |z|* + |i||z] = R*+ R

2 +z41| = (Z_l"'—\/gl) <z_1_—\/§1)‘

and

2 2

—1—+/3i
2

> (|z| ‘—‘”2@) (z|'—‘1‘2ﬁi

=(R-1)(R—1) = (R—1)?

_—1+\@i

z

)

Therefore,
R*+R
(R—-1)%

4+ iz
z224+z+1

<

5. Use complex numbers to prove the Law of Cosine: Let AABC be a triangle
with |BC| =a, |CA| =b, |AB| = c and ZBCA = 6. Then

a? + b*> — 2abcos 0 = 2.
Hint: Place C at the origin, B at z; and A at z,. Prove that

Z12p + 2021 = 2’2122| cos 6.

Proof. Following the hint, we let C = 0, B = z; and A = z,. Then a = |z1],
b = |zz] and ¢ = |z — z1]. So
612 + bz — C2 = ’Zl|2 + ‘22’2 — |Zz — lez
= (2121 + 22Z2) — (22 — z1) (22 — 1)
= (2121 + 2222) — (Zz — Zl>(22 — 21)
= (2121 + 2222) — (2121 + 2222 — 2122 — 2221)
= lez + Zzzl.
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Let z; = r1€%1 and z, = re'®. Then
2127 + 2721 = 1”1€i911”2€—iez + Tz@igzm
— (rleiel) (rze—i()z) + (rzei()z) (Vle_igl)
— rlrzei(91—92) + rlrzei(92—91)
= 2r17p cos(6y — 62) = 2|z1]||z2| cos @ = 2ab cos 6.
Therefore, we have
a® + b* — ¢ = 212, + 2,71 = 2abcos O

and hence
a*> + b* — 2abcos 6 = 2.

1.3 Exponential and Polar Form, Complex roots

1. Find the principal argument and exponential form of

i

(a) z =

144
(b) z=+/3+1;
(c)z=2—1.

Answer:

(a) Arg(z) = rt/4 and z = (\/2/2) exp(7ti/4)

(b) Arg(z) = /6 and z = 2exp(7i/6)

(c) Arg(z) = —tan"'(1/2) and z = /5 exp(— tan"1(1/2)i)

2. Find all the complex roots of the equations

(@) z6 = —9;
(b) z2+2z+ (1—1i) =0.

Solution. (a) The roots are
z = /=9 = V9 = v/3e/0e¥"/6 (11 = 0,1,2,3,4,5)
36 B P YR B YE o3 U3

:T+71,\/§l, 5 + 7 Z, ) - 7 l/_\/gl/T_Tl'
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(b) The roots are

—2+4+/4—4(1—1) o

z = > -
— 14 W — 1 +e7ri/462mm'/2 <m — 0/1)
BRI R

B T Vel 1o M2
Tttt 2

2

3. Find the four roots of the polynomial z* 4+ 16 and use these to factor z* + 16
into two quadratic polynomials with real coefficients.

Solution. The four roots of z* + 16 are given by

V=16 = V16em = /16e™ /42" 7/4

— Zeﬂi/4 2637Ti/4 2657Ti/4 2677'[i/4
form =0,1,2,3. We see that these roots appear in conjugate pairs:
ppP jugate p
2e™/4 = De7mi/4 and 2374 = DebTi/4,

This gives the way to factor z* + 16 into two quadratic polynomials of real
coefficients:
74416 = (z — 2e™/%)(z — 26%™/%) (z — 2e°™/%) (z — 27/ *)
= ((z — 27" /4) (z — 267”i/4)> ((z — 26%7/4) (7 — 2657Ti/4)>
72 — 2Re(2e™/%)z 4 4) (2% — 2Re(2e%™/%)z + 4)
22— 2V2z 4+ 4) (22 +2V2z + 4)

4. Do the following;:

(a) Use exponential form to compute
i (1—|—\/§i)2011,’
ii. (14 +/3i)7201,
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(b) Prove that

and

Solution. Since
1+\/_12< +£z> = 2exp (E>,

we have

(1+ V/3i)201 = 2201 oy (201317Ti> = 2201 oy <201317Ti)

— 2201 oy (6707ri + %)

__~2011 T\ oo [ 1 @
=2 exp(3>—2 <2+21>
— 22010(1 + \/gl)

Similarly,
(14 +/3i)72011 = 2-2013(1 _ \/3;),

By Problem 7 in section 1.1, we have

22010(1 € \/51) — (1 4 \/51')2011
1905 72011 v (% 72011 .
- L ( ) P (2m+1>(_3) v

It follows that
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5. Establish the identity
1— Zn+1
1+z—|—zz—|—-~+z”:—1_z (z#1)
and then use it to derive Lagrange’s trigonometric identity:

1+ cosf+cos260---+cosnb == + ——=2— (0 <0 <2m).

2 ZSing

Hint: As for the first identity, write S =1+ z + z2 4+ ...+ z" and consider
the difference S — zS. To derive the second identity, write z = ¢’ in the first
one.

Proof. If z # 1, then
(1-z)A+z+-+2") = 1+z+--+2"—(z4+2°+--- + ")
— 1_Zn+1

Thus
1 — Zn+1

—, if 1
1+z+22+ 42" = 1-z ' 27
n—+1, if z=1.

Taking z = ¢/, where 0 < 6 < 27, then z # 1. Thus

g1 _ (n+1)8
T4+e®+e® . e = 1 1 i( ei9) - —t‘fi(’/zl(ei‘(’e/(2 —)€i9/2>
—ei0/2(] — p(nt1)0)
2isin(0/2)
i (=072 _ plntd)io
- ( 2sin(6/2) )
_ 1 sin[(n+3)8]  cos(8/2) — cos[(n +3)f]
2 " 25in(0/2) 2sin(6/2)

Equating real and imaginary parts, we obtain

1 sin[(n+1)6]
14—COS(9+(20526-~-+cosn@—§+ 2sin(0/2)

and
cos(8/2) — cos[(n + 3)6]

sinf +sin20--- 4 sinnf = 25111(9/2)
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Chapter 2

Functions

2.1 Basic notions and limits

1. Write the following functions f(z) in the forms f(z) = u(x,y) +iv(x,y) un-
der Cartesian coordinates with u(x,y) = Re(f(z)) and v(x,y) = z)):
(@) f(z) =2 +z+1

b) f(z) =2z
© f(z) = —

1 —z

(d) f(z) = exp(z?).

7

Solution. (a)

f(z) = (x+iy)’+ (x+iy) +1

(
(x +iy) (x* — y* + 2ixy) +x + iy + 1
X
X

S xy? + 2ix*y +ixty — iy’ — 2xy? + x4+ iy + 1
P _Bxyt +x+1+i(3x%y — v’ +y).

(b)

f(z) =2°—z = (x+yi)’ — (x +yi)
= (x° + 3x%yi — 3xy* — y°i) — (x + yi)
= (2 = 3xy® —x) +i(8x%y — v’ — y),

15
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(©)

(d)

f(z) = exp(z?) = exp((x + yi)?)
— exp((x2 — y2) + 2xyi)
e (cos(2xy) + isin(ny))

— Y cos(2xy) — eV sin(2xy)

2. Suppose that f(z) = x> — y*> — 2y + i(2x — 2xy), where z = x + iy. Use the
expressions

_z+z and _z—Z
~ 2 Y= 75

to write f(z) in terms of z and simplify the result.

X

Solution. We have

f(z) = x*—y* =2y +i(2x — 2xy)
xX* —y* 4 2x — i2xy — 2y
(x —iy)* +i(2x + 2iy)
= Z° 4 2iz.

3. Suppose p(z) is a polynomial with real coefficients. Prove that

(@) p(z) = p(2);

(b) p(z) = 0if and only if p(z) =0;

(c) the roots of p(z) = 0 appear in conjugate pairs, i.e., if zg is a root of
p(z) =0, so is Zp.
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Proof. Let p(z) = ap + a1z + ... + a,z" for agp, a4, ...,a, € R. Then

p(z) =ao+az+ -+ a,z"
=00+ mz+ - +a,z"
=a+ (@)Z+ -+ (@,)2"
=ap+mz+---+az" = p(2).

If p(z) = 0, then ( ) = 0 and hence p(z) = p(z) = 0; on the other hand, if
p(Z) = 0, then p(z) = p(Z) = 0 and hence p(z) = 0.

By the above, p(zp) = 0 if and only if p(zy) = 0. Therefore, z, is a root of
p(z) = 0if and only if zj is. |

4. Compute the following limits if they exist:

iz3+1
1 .
(@) lim —5——=

4 4 72

b) im =7

Im(z)
@l

Solution. (a)

iZ2+1 . i(Z2+1P)
z—i z2+1 oo 22 +1
_ lim i(z+ i)(7f2 — iz + i)
z——i  (z41)(z—1)
_ lim i(z? — iz + i)
z—>—1 zZ—1
Cdim, (22 — iz +i2)
limz_>_i(z — l)
ilimz_>_i z2 —ilim,,_;z + lim,_,_;i%
lim,,_;z—lim, , ;i
i((—i)?—i(—i)+i*) 3

—1—1 2
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(b)
lim 255 g AT
200 (z—1)2 220 (z71 —1)2
i 2L lime (422 + 1)
N z—0 (1 — Z)Z N limzﬁo(l — Z)2
~ (lim,p1 —lim, ,0z)2
(c) Since
im ) Y
Re(z)=0z—0 Z y—=0 Y1
and . 0
im @) 0
Im(z)=0z—0 Z x—0 X
the limit does not exist.
. Let .
T(z) = )
(z) = 1

Find the inverse image of the disk |z| < 1/2 under T and sketch it.

Solution. Let D = {|z| < 1/2}. The inverse image of D under T is

T Y(D)={ze€C:T(z) e D} = {|T(2)| < %}

~{=:

Let z = x 4+ yi. Then

z 1
z+1

2]z < |z + 1| & 4(x* +v*) < (x +1)* + 1

& 3x* —2x+ 3y < 1

& (x—1>2+y2<i1
3 9

& z—l‘ <2
3 3

So
1|
z— = <

T-'(D) = {z: 3

is the disk with centre at 1/3 and radius 2/3.

)

< 5} = (2] < [z + 1]},
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6. Sketch the following sets in the complex plane C and determine whether
they are open, closed, or neither; bounded; connected. Briefly state your
reason.

(@) [z+3] <1,
(b) [Im(z)| > 1;
1< |z43] <2

Solution. (a) Since {|z+3| < 1} = {(x +3)2+1y>—1 < 0} and f(x,y) =
(x +3)%+ y* — 1 is a continuous function on IR?, the set is open. It is not
closed since the only sets that are both open and closed in C are @ and C.

Since
z| =|z4+3-3| < |z+3|+|-3|=|z+3|+3 < 4
forall z+43| <1, {|z+3| <1} C {|z] <4} and hence it is bounded.

It is connected since it is a convex set. [ |
Solution. (b) We have

{[Im(z)| =21} = {ly| =1} ={y = 1} U{y < -1},

Since f(x,y) = y is continuous on R?, both {y > 1} and {y < —1} are
closed and hence {|Im(z)| > 1} is closed. It is not open since the only sets
that are both open and closed in C are @ and C.

Since z, = n+2i € {|Im(z)| > 1} for all n € Z and

lim |z,| = lim vV#n? +4 = oo,

n— oo n— oo

the set is unbounded.
The set is not connected. Otherwise, let p = 2i and q = —2i. There is a
polygonal path

popr U p1p2 U ..U py_1pn
with po = p, p, = g and p € {|Im(z)| > 1} forall 0 < k < n.
Let 0 < m < n be the largest integer such that p,, € {y > 1}. Then
pmi1 € {y < —1}. SoIm(py) > 1 > 0 and Im(pyi1) < —1 < 0. It follows
that there is a point p € Py pm+1 such that Im(p) = 0. This is a contradiction
since Py Pmi1 C {|Im(z)| > 1} but p € {|Im(z)| > 1}. Therefore the set is
not connected. H



20

2. Functions

Solution. (c) Since —2 € {1 < |z+3] < 2} and {|z+2| < r} ¢ {1 <
|z+3| <2} forallr >0, {1 < |z+ 3| < 2} is not open. Similarly, —1 is a
point lying on its complement

{1<)z4+3| <2} ={|]z+3| >2} U{|]z+3| < 1}

and {|z+1] <r} € {1 < |z+4+3| <2} forall > 0. Hence {1 < |z+
3| < 2}°is not open and {1 < |z + 3| < 2} is not closed. In summary,
{1 < |z + 3| < 2} is neither open nor closed.

Since
z| =1z+3-3| < |z+3|+|-3] <5
forall |z+3| <2, {1 <|z+3| <2} C{|z| <5} and hence it is bounded.

The set is connected. To see this, we let py = —=3/2,p» = =3+ 3i/2,p3 =
—9/2 and py = —3 — 3i/2. All these points lie on the circle {|z 4+ 3| = 3/2}
and hence lie in {1 < |z 4 3| < 2}.

It is easy to check that for every point p € {1 < |z+3| < 2}, ppr C {1 <
|z + 3| < 2} for at least one pi € {p1, p2, p3, pa}. So the set is connected. W

7. Show that
\sinz|2 = (sin x)2 + (sinhy)2

for all complex numbers z = x + yi.

Proof.
> = | sin(x) cos(yi) + cos(x) sin(yi)|?
|2

| sin(z)|* = | sin(x + yi)
= | sin(x) cosh(y) — i cos(x) sinh(y)
= sin” x cosh” y + cos? x sinh” y
= sin® x(1 + sinh®y) + cos® x sinh® y

= sin® x + (cos? x + sin” x) sinh® y = (sinx)? + (sinh y)2.

8. Show that
| cos(z)|* = (cos x)* + (sinhy)?

for all z € C, where x = Re(z) and y = Im(z).
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Proof.
| cos(z)|? = | cos(x + yi)|* = | cos(x) cos(yi) — sin(x) sin(yi)|?
= | cos(x) cosh(y) — isin(x) sinh(y)|?
= cos? x cosh” y + sin” x sinh” y
= cos” x(1 4 sinh® y) + sin® x sinh” i
= cos® x + (cos? x + sin? x) sinh® y = (cos x)? + (sinh )2
|
9. Show that

tanz; + tanz,

t pu—
an(zi + z») 1— (tanz;)(tanzp)

for all complex numbers z; and z, satisfying z1,z,z1 + 22 # nmr + /2 for
any integer n.

Proof. Since

Z'(e—izl _ eizl) i(e—izz _ eiZQ)
eiZ] _|_ e—lZ’l + eizz _|_ e—izz
B .(e—izl _ eizl)(eiZZ + e—iZz) + (e—iZZ _ eiZz)(eizl + e—izl)
=1 (eiZl _|_ e-lZl)(elZZ _I_ e-lZZ)
ei(21+22> _ e—i(21+22)

Z(eiZ] _|_ e-iZl)(eizz _|_ e-iZz)

tanz| +tanz, =

and
(p—iz1 _ plzq W p—iZy _ ,izp
1—(tanz;)(tanzp) =1 — <z(e. ¢ )) <z(e. ¢ )>
elZl _|_ e-lZl elzz + e—lZZ
(e—iZ1 + eiZ])(e—iZZ + eiZZ) + (e—izl _ e—i21)<e—i22 _ eiZz)
— (621 + eiz1) (e~ 22 + eiz2)
el(z1tz2) o p—i(z1+22)
~ T(em f e ) (2 4 g iz2)
we have

tanz; + tanz, ei(z1tz) _ p—i(z1+2)
= —1— . = tan(z Z7).
1 — (tan Zl) (tan ZZ) el(Zl-f—Zz) + e—l(Zl-‘rZz) ( 1 + 2)
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10.

Alternatively, we can argue as follows if we assume that the identity holds
for z; and z, real. Let

tanz; 4+ tanzp

F(z1,27) = tan(zy + z2) — 1 — (tanzl)(tanzz)'

We assume that F(z1,2z2) = 0 for all z1,z, € R with zq,25,21 + 22 # nt+
/2.

Fixing z; € R, we let f(z) = F(z1,z). Then f(z) is analytic in its domain
C\({nt+m/2} U{nm+m/2—z}).

And we know that f(z) = O for z real. Therefore, by the uniqueness of
analytic functions, f(z) = 0 in its domain. So F(z1,z2) = 0 for all z; € R
and z, € C in its domain.

Fixing z, € C, we let g(z) = F(z,z2). Then g(z) is analytic in its domain
C\({nt+m/2} U{nm+ /2 —z}).

And we have proved that g(z) = 0 for z real. Therefore, by the uniqueness
of analytic functions, g(z) = 0 in its domain. Hence F(zj,z2) = 0 for all
z1 € C and z; € C in its domain. |

Find all the complex roots of the equation cosz = 3.

Solution. Since cosz = (e + e~*)/2, it comes down to solve the equation
e¥+e =6, 1.e.,

wtw =6 w—6w+1=0

if we let w = e, The roots of w? — 6w + 1 = 0 are w = 3 &+ 2+/2. Therefore,
the solutions for cosz = 3 are

iz =log(34+2V?2) & z = —i(In(3 £2v2) + 2nmi) = 2nm —iIn(3 £2v2)

for n integers. H
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11. Calculate sin (g + i>.

Solution.
sin (g + i) — %(ei(n/zpri) _ e—i(n/4+i))
— %(6_1€7Ti/4 . ee—ni/4)
1
= _— (e! cosz —i—isinz —e cosE — isimz
2i 4 4 4 4
V2 (1N V2 [ 1Y,
1 (”z) T (e—z)l
H
12. Compute cos <% + i).
Solution.
oS (g + i) _ %(ei(n/}i—i) eiT/3+))
1 . .
— E(6—167'51/3 + €€_m/3)
1
=5 (e_l(cosg + ising) + e(cosg - isin%))
4 e 4 e
H

13. Find #' and its principal value.

Solution. We have

- ezlogz — ez(an—i—m/Z) — e—2n7r—77/2

for n integers and its principal value given by

i eiLogi — LHi(mi/2) _ e—rc/Z.

1 e
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14. Let f(z) be the principal branch of /z.

(a) Find f(—1).

Solution.
. 1 . 1, i i, V3 i
f(—i) = exp(gLOS(—l)) = eXP(g(‘j)) = eXP(—g) =5 "5
[
(b) Show that
f(z1)f(z2) = Af(z122)
for all z1,z, # 0, where A =1, -1 _; V3i or -1 _2\/§l
Proof. Since
fz)f(z) 1 1 1
Fz) exp(3 Logz + 3 Log z» 3 Log(z122))
1
= exp(g(Log z1 + Logz, — Log(z122)))
i 2n7ti
= exp(g(Argzl + Argz; — Arg(z123))) = exp( )
for some integer 1, A = exp(2nmi/3). Therefore,
1 if n = 3k
A= B iy = 3k 41
V3 i =3k 42
where k € Z. [

15. Let f(z) be the principal branch of z™.

(a) Find (7).
Solution.

f(i) =i" = exp(—iLog(i)) = exp(—i(mi/2)) = ™2
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(b) Show that
f(z1)f(z2) = Af(z122)

for all z1,zo # 0, where A = 1,¢?™ or e~ ?".

Proof. Since

f(z1)f(z2)
f(z122)

iLogz; —iLogz, +iLog(z122))

xp(—
exp(—i(Logzi + Logzx — Log(z122)))
exp(—i(i Argzy + i Argz, — i Arg(z122)))
exp(Argz; + Argz, — Arg(z122))
ex

p(2nm)

for some integer n, A = exp(2n7r). And since
—T < Arg(z1) < 7T, —7m < Arg(zx) <7

and
—7 < Arg(z122) < T,

we conclude that
—37 < Argzy + Argz; — Arg(z122) < 371

and hence —3 < 2n < 3.Son = —1,00or 1 and A = ¢7?7,1 or ¢*". [

2.2 Continuity and Differentiation

1. Show that if f(z) is continuous at zy, so is |f(z)].

Proof. Let f(z) = u(x,y) +iv(x,y). Since f(z) is continuous at zy = xo + Yoi,
u(x,y) and v(x,y) are continuous at (xg, yo). Therefore,

(u(x,9))* + (v(x,y))*

is continuous at (xo, o) since the sums and products of continuous func-
tions are continuous. It follows that

(@) =/ (u(x,y)? + (0(x,1))?

is continuous at zp since the compositions of continuous functions are con-
tinuous. |
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2. Let

Show that

(a) f(z) is continuous everywhere on C;

(b) the complex derivative f'(0) does not exist.

Proof. Since both z° and z2 are continuous on C* = C\{0} and z? # 0,
f(z) = z°/7% is continuous on C*.

At z = 0, we have

23

72

lim |f(z)| = lim

=lim|z| =0
z—0 z—0

z—0

and hence lim, o f(z) = 0 = f(0). So f is also continuous at 0 and hence
continuous everywhere on C.

The complex derivative f’(0), if exists, is given by

- =3
lim f(z) f(O) = lim Z—.
z—0 z—0 20 23

Letz=x+4yi. If y =0and x — 0O, then

23 X3

z=x—02Z x—0 X

On the other hand, if x = 0 and y — 0, then

=3 )3
lim = —lim Y — g,
z=yi»023 x50 (yi)d
So the limit lim, ,z°/z% and hence f'(0) do not exist. H

. Show that f(z) in (2) is actually nowhere differentiable, i.e., the complex

derivative f'(z) does not exist for any z € C.
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Proof. It suffices to show that C-R equations fail at every z # 0:
d d d 0\ z°
(o) 10 = (50 )

—i i _|_ii i
~ 0x \ 22 dy \ 22

for z # 0. |

4. Find f'(z) when

(
) =
) =(1-2%)%
)=
)

(@) f(z) =2 —4z+2;

(b) f(z

© f(2) = o (2 £ =)
(

(d) f(z) =e"% (z #0).

Answer. (a) 2z — 4, (b) —8(1 — z2)3z, (c) —1/(2z +1)?, (d) —e'/?/2?

5. Prove the following version of complex L'Hospital: Let f(z) and g(z) be
two complex functions defined on |z — zo| < r for some r > 0. Suppose
that f(zo) = g(z0) =0, f(z) and g(z) are differentiable at zo and g’(zo) # 0.

Then
L fE) ()
=20 g(z)  §'(20)

[Refer to: problems 2c and 7 in section 3.1; and problem 9 in section 3.2]

Proof. Since f(z) and g(z) are differentiable at zg, we have

f(z) = f(20)

zh—>nz’lo Z— 20 - f (ZO)
and
lim g(Z) - g(ZO) _ g,(ZO)-

Z—Z( Z — ZO
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2.3

And since g'(zg) # 0,

Show that if f(z) satisfies the Cauchy-Riemann equations at zp, so does
(f(z))" for every positive integer .

Proof. Since f(z) satisfies the Cauchy-Riemann equations at z,

(% 4 %) £(z) =0

at zo. Therefore,

(% i %) F@) = e (@) + i ()"
— (F@)" 5 f) + ) )
—(f@ (5 +i5) f2) =0
at Z0- -

Analytic functions

. Explain why the function f(z) = 2z% — 3 — ze* 4+ ¢~ is entire.

Proof. Since every polynomial is entire, 2z° — 3 is entire; since both —z and
e are entire, their product —ze* is entire; since ¢* and —z are entire, their
composition e~* is entire. Finally, f(z) is the sum of 223 — 3, —ze* and e
and hence entire. H
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2. Let f(z) be an analytic function on a connected open set D. If there are two

constants ¢; and ¢; € C, not all zero, such that ¢1f(z) + c2f(z) = 0 for all
z € D, then f(z) is a constant on D.

Proof. If c; = 0, ¢1 # 0 since ¢; and ¢, cannot be both zero. Then we have
c1f(z) = 0 and hence f(z) =0 forall z € D.

If c; # 0, f(z) = —(c1/¢c2)f(z). And since f(z) is analytic in D, f(z) is

anlaytic in D. So both f(z) and f(z) are analytic in D. Therefore, both f(z)

and f(z) satisfy Cauchy-Riemann equations in D. Hence
Jd .0 :
($+z@) (u+0i) =0

and

Jd .0 :
(aqtz@) (u—woi) =0

in D, where f(z) = u(x,y) +iv(x,y) with u = Re(f) and v = Im(f). It

follows that
AV I
ox dy)  \ox oy

and hence u, = u, = v, = v, = 0 in D. Therefore, u and v are constants on
D and hence f(z) = const. H

3. Show that the function sin(z) is nowhere analytic on C.
Proof. Since

9 12 sin@) = < sin(@) + i< sin(z)
dx  dy ~ox y
_. 0z _.0Z
= co0s(z)=— + i cos

% (@@
= cos(z) +icos(z)(—i) = 2cos(z)

sin(Zz) is not differentiable and hence not analytic at every point z satisfying
cos(z) # 0. At every point zy satisfying cos(zp) = 0, i.e.,, zo = nm+ 11/2,
sin(z) is not differentiable in |z — zy| < r for all » > 0. Hence sin(Z) is
not analytic at zg = nm + 71/2 either. In conclusion, sin(z) is nowhere
analytic. H
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4. Let f(z) = u(x,y) + iv(x,y) be an entire function satisfying u(x,y) < x for

all z = x + yi. Show that f(z) is a polynomial of degree at most one.

Proof. Let g(z) = exp(f(z) —z). Then |g(z)] = exp(u(x,y) — x). Since
u(x,y) < x, |g(z)| < 1 for all z. And since g(z) is entire, g(z) must be
constant by Louville’s theorem. Therefore, ¢'(z) = 0. That is, (f'(z) —
1)exp(f(z) —z) =0 and hence f'(z) =1 for all z. So f(z) = z + ¢ for some
constant c. [ |

. Show that

lexp(2® 4 i) + exp(—iz?)| < e 73 4 2
where x = Re(z) and y = Im(z).

Proof. Note that |e?| = eR¢(). Therefore,

[exp(2° +i) + exp(—iz’)| < |exp(2® +1)| + | exp(—iz?)|
= exp(Re(z® + 1)) + exp(Re(—i ))
= exp(Re((x® — 3xy? ) + (Bx%y — y° +1)i))

+exp(Re(2xy — (x* — y?)i))
— ex3—3xy2 4 ery-

. Let f(z) = u(x,y) +iv(x,y) be an entire function satisfying

v(x,y) > x
for all z = x + yi, where u(x,y) = Re(f(z)) and v(x,y) = Im(f(z)). Show
that f(z) is a polynomial of degree 1.

Proof. Let g(z) = exp(if(z) + z). Then

8(2)| = [exp((—v(x,y) +iu(x,y)) + (x +iy))| = exp(x —v(x, y)).

Since v(x,y) < x, x —v(x,y) < 0and |g(z)| < 1 for all z. And since g(z)
is entire, ¢(z) must be constant by Louville’s theorem. Therefore, ¢'(z) = 0.
That is, (if'(z) + 1) exp(if(z) +z) = 0 and hence f'(z) = i for all z. So
f(z) = iz + ¢ for some constant c. H
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7. Show that the entire function cosh(z) takes every value in C infinitely many
times.

Proof. For every wy € C, the quadratic equation y> —2woy +1 = 0 has a
complex root yo. We cannot have y, = 0 since 0?2 — 2wy -0+ 1 # 0. Therefore,
Yo # 0 and there is zy € C such that e = y,. Then

e 4e  ys+1  2woyo
2 Zyo 2y0

cosh(zg) = = wWp.

And since cosh(z + 27ti) = cosh(z), cosh(zy + 2nmi) = wy for all integers n.
Therefore, cosh(z) takes every value wy infinitely many times. H

8. Determine which of the following functions f(z) are entire and which are
not? You must justify your answer. Also find the complex derivative f'(z)
of f(z) if f(z) is entire. Here z = x + yi with x = Re(z) and y = Im(z).

1

(a) f(z) = TP

Solution. Since u(x,y) = Re(f(z)) = (1+x*+y*)"! and v(x,y) = 0,
uy = 2x(1+x* +y?)~% # 0 = v,. Hence the Cauchy-Riemann equations
fail for f(z) and f(z) is not entire.

b) f(z) = 2(3) (here 2% and 3* are taken to be the principle values of 2% and
3%, respectively, by convention)

Solution. Let g¢(z) = 2% and h(z) = 2%. Since both ¢(z) and h(z) are
entire, f(z) = ¢(h(z)) is entire and

f'(z) = §'(h(2))l'(z) = 27 3*(In2)(In3)
by chain rule.

(© f(z) = (x* —y*) — 2xyi

Solution. Since

Jd .d N : ,
<$ + z@) f=(2x —2yi) +i(—2y — 2xi) = 4x — 4yi # 0,

the Cauchy-Riemann equations fail for f(z) and hence f(z) is not entire.
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(d) f(z) = (¥ —y*) + 2xyi
Solution. Since
9 9 f = (2 — 2yi) +i(2y + 2xi) = 0
ox dy)’ 4 4 -
the Cauchy-Riemann equations hold for f(z) everywhere. And since fy
and f, are continous, f(z) is analyticon C. And f'(z) = fx = 2x+2yi =
2z.
9. Let Cg denote the upper half of the circle |z] = R for some R > 1. Show
that ,
e < 1
zz+z+1‘ ~— (R—1)?
for all z lying on Ckg.
Proof. For z € Cg, |z| = Rand Im(z) > 0. Let z = x + yi. Since y = Im(z) >
0,
|eiz‘ _ ‘ei(x+yi)| — |€fy+xi‘ —e V<1
for z € Cgr. And since
1 , 13
‘ZZ+Z+1‘: Z_+—\/§Z Z_—\/gl
2 2
_ |, D1 VEi | 1B
N 2 2
> (fz1 - |3 (g - [
- 2 2
=(R—-1)(R—1) = (R—1)?,
we obtain ,
e’ 1
<
zz—l—z+1‘ — (R—-1)2
for z € Ckg. |
10. Let

0 ifz=20

Show that f(z) is continuous everywhere but nowhere analytic on C.

flz) = {Z /lz| ifz#0
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11.

Proof. Since both Z and |z| are continuous on C, z*/|z| is continuous on C*.
Therefore, f(z) is continuous on C*. To see that it is continuous at 0, we just

have to show that L

: . Z
lim f(z) = yg&g = f(0) =0.
This follows from
=2 =2
lim |2 | = l1m|Z— =lim|z| =0
z=0 [|z|| 220 |z] 250

Therefore, f(z) is continuous everywhere on C.

To show that f(z) is nowhere analytic, it suffices to show that the Cauchy-
Riemann equations fail for f(z) on C*. This follows from

o .0 Z2
(W@ (m)
_(2z X2\ [ 2z yZ
_<H_W>“<_H_W>

 (dz—x-—iy)z* 3Z

T
for z # 0. Consequently, f(z) is nowhere analytic. H
Find where =
PR i+z
tan™ " (z) > Log —

is analytic?

Solution. The branch locus of tan~1(z) is

] —1
{z:l,+zzwe(—oo,0]}:{z:z:iw ,wE(—oo,O]}.
i—z w+1

For w € (—o0,0],

w—l_l_ 2
w+1 w+ 1

€ (—oo0, —1] U (1, 00)

so tan~!(z) is analytic in

C\{z:Re(z) =0,Im(z) € (—oo0, —1] U [1,00)}.
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Chapter 3

Complex Integrals

3.1 Contour integrals

1. Show that
|Log(z)| < |Inz||+ 7 (3.1.1)
for all z # 0.

Proof. Since Log(z) = In|z| +i Arg(z) for —t < Arg(z) < 7,
| Log(z)] = |In 2| +i Arg(z)] < lin|z]| + |i Arg(2)] < Jinz]| + .

2. Evaluate the following integrals:

2 2
@ | (£ +1)"dt;

/4 ]
(b) e~ 2itdt,
0

(c) / te**dt when Re(z) < 0.
0

35
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Solution.
(a)
2 ) 2
/ (P +i) dt = / (#* 4 2it* + i*)dt
1 1
B t5+2it3_t2_26+14l
5 3 1 5 3
(b)
/4 —2it |7T/4
/ e—ZItdt —
0 2i |,
CI+i 1 B 1
21 2 2
(c)
* zt 1 * zt
te dt——/ td(e*)
0 z Jo
1 zt | ° * zt
= — | te } 0 — / e*rdt
Z 0
1 1
== <11m te?t — = (lim e*t — 1))
Z t—o0 Z \t—o0
1
T2
where
lim te* = lime* =0
t—o00 t—o0
because
1
lim |te*| = lim te!®¢®) = lim = — lim =0
by L'Hospital (see Problem 5 in section 2.2), and
: zZEH 13 tRe(z) _ 1: 1 _
lim |[¢*'| = lime = lim =0
t—o0 t—00 t—voo g~ Xt

as x = Re(z) < 0.

3. Find the contour integral f7 zdz for
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(a) 7 is the triangle ABC oriented counterclockwise, where A =0, B =1+1

and C = —2;

(b) <y is the circle |z — i| = 2 oriented counterclockwise.

Solution. (a)

/ zdz = / zdz + zdz + zdz
v BC CA
= / tH(1+1)d(t(1 4 1))

+/ (1—8t)(1+1i) —2td((1 —t)(1 +1i) — 2t)

+/ 20— Dd(—2(1 - 1))

1
_/ 2tdt+/ ((2i +10t)dt+/ 4(t—1)dt
0

=1+ (2i—4)+5-2=2i
(b)

27T ) 2r L
/ i1 2eid(i + 2¢) = / 2i(—i+ 2e~ ")t = 87ti.
0 0

4. Compute the following contour integral

/ zdz,
L

where L is the boundary of the triangle ABC with A =0, B=1and C =,

oriented counter-clockwise.

Solution.

/ zdz = / zdz + zdz + zdz
L AB BC CA

:/OlfdtJr/Ol(l—t)+tid((1—t)+ti)
+/01 (1= 0)id((1 - b)i)

= [Cratr (1) [ (-0~ s [0 e =
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5. Evaluate the contour integral

| fl)z
C
using the parametric representations for C, where

21

z

f(z)
and the curve C is

(a) the semicircle z = 2¢? (0 < 6 < 7);
(b) the semicircle z = 2¢* (71 < 0 < 27);
(c) the circle z = 2¢" (0 < 0 < 2m).

Solution.

()

T 482i9 - 1 i0 2i0 o | 7T .
/Cf(z)dz:/o 50 d(2e") = (2™ —1i)|, = —mi

(b)

27T 2i9_ . . T
[ fe= [ ety = e — i) = i
C 2619 T

7T

(c) Summing (a) and (b), we have —27ti.

6. Redo previous Problem 5 using an antiderivative of f(z).

Solution. For (a),
2
z
|r@iz=3

= —(In24 i —In2) = —1i.

2_ — ( lim Log(z) — Log(2)>

Im(z)>0
For (b),

z——2

2
| f)az =%
C 2 Im(z)<0
= —(In2 - (In2 — mti)) = —i.

e <Log(2) — lim Log(z)>
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7. Let Cg be the circle |z| = R (R > 1) oriented counterclockwise. Show that

2
/ Loggz )dz‘ < dr <7’(—|—11’1R)
Cr z R

2
lim LLEZ%ZZ =0.
R—o0 JCp Z

and then

Proof. Using expression (3.1.1) in Problem 1, we have
|Log(z*)| < |In|z®|| + m=2InR+ 7

for |z| = R > 1. Therefore,

2
/ Log(z )dz‘ < 27R (7T+21nR>
Cr

z?2 R?
/2 +1nR T+ 1InR
=475 (T) <4r (T) )

And since

R—o0 R—o0

InR 1
lim 47t (HTH) = 471 lim = =0

by L'Hospital (see Problem 5 in section 2.2),

2
lim Log(z)

5 dz = 0.
R—o0 JCp zZ

8. Without evaluating the integral, show that

dz ‘ o
/ S| =< =
cz-+z+1 16
where C is the arc of the circle |z| = 3 from z = 3 to z = 3i lying in the first
quadrant.

Proof. Since

Z+Z+1 > [Z| -z 1=z~ |z -1=5
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for |z|] =3,

Therefore,

/ dz 6t (1 371 911
- < — _ = — < —.
cZ2+zZ+1]~ 4 \5 10 ~ 16

3.2 Cauchy Integral Theorem and Cauchy Integral Formula

1. Let C be the boundary of the triangle with vertices at the points 0, 3i and
—4 oriented counterclockwise. Compute the contour integral

/C(eZ —Z)dz.

Solution. By Cauchy Integral Theorem, [.e*dz = 0 since C is closed and e*
is entire. Therefore,

/C(eZ —Z)dz = — /CEdz = — /mZdZ — /%Zdz — /p:-stdZ
- —/01(—3it)d(3it) —/01(—31'(1—15)—4t)d(3i(1—t)—4t)
- [0 - na-9a 1)

9 7
=—-—=-—12i = —12i
) 1+8 i
where p; =0, p» = 3i and p3 = —4. H

2. Compute
1
/ z'dz
1
where the integrand denote the principal branch
z' = exp(iLog z)

of z' and where the path of integration is any continuous curve from z = —1
to z = 1 that, except for its starting and ending points, lies below the real
axis.
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Solution. Note that z' ™! /(i + 1) is an anti-derivative of z' outside the branch
locus (—o0,0]. So

/1 Zidz _ .Zi-i-l B .ZH-l
-1 1+ 1) IZ?Z)_<10 L+
1 exp((i+1)(—mi))
41 i+1
1+e" 1+ e™ .
— — 1—
it 1 > (1=

3. Apply Cauchy Integral Theorem to show that

/Cf(z)dz =0

when C is the unit circle |z| = 1, in either direction, and when

23

@ &)= a5t

(b) f(Z) — etanz’,
(c) f(z) = Log(z + 3i).

Solution. By Cauchy Integral Theorem, le\zl f(z)dz = 0 if f(z) is analytic
on and inside the circle |z| = 1. Hence it is enough to show that f(z) is
analytic in {|z| < 1}.

(a) f(z) is analytic in {z # —2, —3} and hence analytic in {|z| < 1}.

(b) f(z) is analytic in {z : cosz = 0} = {z = nm+7/2,n € Z}. Since
\nt+ /2| > 1 for all integers n, f(z) is analytic in {|z| < 1}.

(c) Log(z) is analytic in C\(—o0,0] and hence Log(z + 3i) is analytic in
C\{z:z=x—3i,x € (—o0,0]}. Since |x — 3i| > 1 for all x real, f(z) is
analytic in {|z] < 1}.
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4. Let C; denote the positively oriented boundary of the curve given by |x| +
ly| = 2 and C; be the positively oriented circle |z| = 4. Apply Cauchy
Integral Theorem to show that

le(z)dz = sz(z)dz

when

(@) f(z) = %;
z+2

®) f() = goizray

@ £ = 2T

Solution. By Cauchy Integral Theorem, [. f(z)dz = [ f(z)dz if f(z) is

analytic on and between C; and C,. Hence it is enough to show that f(z) is
analytic in {|x| + |y| > 2, |z| < 4}.

(@) f(z) is analytic in {z # +£i}. Since £i € {|x| + |y| < 2}, f(z) is analytic
in {|x| + [yl =22, |z| <4}

(b) f(z) is analytic in {z : sin(z/2) # 0} = {z # 2nm : n € Z}. Since
2nmt € {|x| + |y| < 2} forn = 0 and [2n7t| > 4 forn # 0 and n € Z,
f(z) is analytic in {|x| + |y| > 2, |z| < 4}.

(c) f(z) is analytic in {z # —1,—5}. Since —1 € {|x| + |y| < 2} forn =0
and | — 5| > 4, f(z) is analytic in {|x| + |y| > 2, |z| < 4}.

5. Let C denote the positively oriented boundary of the square whose sides lie
along the lines x = £2 and y = 2. Evaluate each of these integrals

zdz
cz+ 1
cosh z
(b) cz2+z

tan z/2
(©) / z—7t/2

()

dz;
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Solution. (a) By Cauchy Integral Formula,

cz+1
(b) By Cauchy Integral Theorem,
/ cosh z gy — coshz iz 4+ / coshz i
cz>+z 2|=r 2%+ 2z lz+1|=r 2% + 2

tor r = 1/2. By Cauchy Integral Formula,

h h .
/ cgs “ 4z = 2711 < ) = 2711
z]=r 2%+ 2 z+1 .o
and " "
/ CSS “ 4z = 2i S22 = —2micosh(—1).
z+1|=r 2° + 2 Z z=—1
Hence

coshz .
/C Sz = 27i(1 — cosh(~1)

(c) Note that tan(z/2) is analytic in {z # (2n + 1)t : n € Z} and hence
analytic inside C. Therefore,

tan(z/2) , . . o
/Cmdz = 2711 tan(7‘(/4) = 2711

by Cauchy Integral Formula.

|
6. Find the value of the integral ¢(z) around the circle |z — i| = 2 oriented
counterclockwise when
1
(a) g(z) = 214
1
(b) g(z) = (214

Solution. (a) Since —2i € {|z —i| <2} and 2i € {|z —i| <2},

o (Z+2i)_1 . i~ N 7T
/|Z_i|_2g(z)dz = /Z_i|_2 — dz =2mi(2i +2i)" = >

by Cauchy Integral Formula.
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(b) By Cauchy Integral Theorem,

/Z_HS (2)dz = /|Z|:rg(2)dz + g(z)dz

|z—2i|=r

for r < 1/2. Since

1 Tl
z)dz = 2711 = —
\/|'Z_1"g( ) 22 —|_ 4 ZZO 2
and ) '
71
z)dz = 27wl —— = ——
Jooa 8 2@t 2|,y 4

by Cauchy Integral Formula,

7T1
dz — —
/Z_ﬂ_zg(Z) 2=2

7. Compute the integrals of the following functions along the curves C; =
{|z| =1} and C, = {|z — 2| = 1}, both oriented counterclockwise:

1 .
2z — 72’

sinh z
(b) (2z — z2)%’

()

Solution. (a)

/| 4z /|Z|_1 2= i —0) = i

z|=12z — z? z
(b)
sinh z B (sinhz)(2 —z)2
/|z|—1 22— 27" = /|z|—1 22 *
= 27i((sinhz)(2 — 2)2)| = %
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8. Show that if f is analytic inside and on a simple closed curve C and z is
not on C, then

(m) (4 z
(n—l)!/cé_—i();qdz:(m—i—n—l)!/C%dz

for all positive integers m and n.

Proof. If zj lies outside C, then

Aﬁ%mﬂzé(ﬂw P

z—2zp)" z —zp)"Hn
by Cauchy Integral Theorem, since f(")z/(z —zy)" and f(z)/(z — zo)"*" are
analytic on and inside C.
If z; lies inside C, then
(m) z
(=1 [ L g = (g = gt ey
c (z —zo) 0

and

(m+n—1)! / Ldz = fimtn=1)(z)

C (Z _ Zo)m+n
by Cauchy Integral Formula. Therefore,
f" (z) f(2)
—1 !/—dz: m+n—1 !/—dz.
(Tl ) C (Z _ Z())n ( ) C (Z — Zo)m—i-n

9. Let f(z) be an entire function. Show that f(z) is a constant if |f(z)| <
In(|z| +1) for all z € C.

Proof. For every zy € C, we have

TR Sy G R
f ( 0) /|z—zo|=R (z — zo)zd

27
for all R > 0. Since

In(R + |zo| + 1)

f2) | _In(z]+1)
RZ

<
(z—2z0)?| — R? -
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for |z —zo| = R
1 f(z) In(R + |z]) 41
/ e —d <
7 =g [ T S
And since In(R + 20| + 1) )
: + |zo| + :

1 1 =0,

R R ~ oo R + |zo| + 1
by L'Hospital (see Problem 5, section 2.2), we conclude that |f'(z)| = 0 and
hence f'(z9) = 0 for every zy € C. Therefore, f(z) is a constant. H

10. Let Cy be the boundary of the square

{lx| < N7, |y| < N},

where N is a positive integer. Show that

dz
lim 3
N—o Jcy 23 cosz

=0

Proof. When z = x +yi € Cy, either x = £Nm or y = £N7. When x =
=N,

| cos z|* = (cos x)? + (sinhy)? > (cosx)? = (cos(Nm))? = 1
When y = £N,
| cos z|* = (cos x)? + (sinhy)? > (sinhy)? = (sinh(N7))* > 1

Therefore, |cosz| > 1 when z € Cy. We also have |z| > N7t when z € Cy.
Therefore,

1 1
z3cosz| — N378
and d 1 8N 8
z 7T
< d
/CN z3cosz| — N33 / 42| = N33~ N2
Since
lim 8 =0
N—oo N2772
we conclude
dz
lim =0

N—oo Joy 23 cosz
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11.

12.

Let Cy be the boundary of the square
T T
< — < _
{|x| SN+ o, [yl < Nm+ 2}

oriented counterclockwise, where N is a positive integer. Show that

lim dz

5 =0.
N—oo Jcy z2sinz

[Refer to: problem 5 in section 4.3]
Proof. When z = x +yi € Cy, either x = £(Nmt+ /2) ory = (N +
71/2). When x = £(Nmt + 71/2),

|sinz|*> = (sinx)? + (sinhy)? > (sinx)? = (sin(N7 + 7/2))* = 1
When y = (Nt + 71/2),

|sinz|? = (sinx)? + (sinhy)? > (sinhy)?
= (sinh(N7 4+ 71/2))? > (sinh(371/2))* > 1.

Therefore, |sinz| > 1 when z € Cy. We also have |z| > N7 + 71/2 when
z € Cy. Consequently,

1 1
z2sinz = (N+1/2)%m?
and
/ d; < 1 / dz] = 8(N+1/2)m 8
cy 22sinz| = (N +1/2)21% Jc, (N—|—1/2)27r2 (N+1/2)m
And since

we conclude

lim =0

N—oo Jcy 228inz

Compute the contour integral

2011
dz
/c 72011 | 52010 4 52009 4 1~

where C is the circle |z| = 2 oriented counter-clockwise.
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Solution. First, we show that all roots of

2011 | ;2000 4 ;2009 4 1 _
lie inside |z| < 2. Otherwise, suppose that

2011 | ;2000 4 2009 4 1 _

for some |z| > 2. Then

1 1 1
1—|—Z—|—;—|—m:0
and hence
1 1 1_ 1 1+ 1 n 1

|z 2 p201 =z T2 T [P
When |z| > 2,

Ly Lot

z| " [z]2 T |zpport — 2 T g T 201 ‘

This is a contradiction. Therefore, all roots of
2011 4 2010 4 2009 4 1 _

lie inside |z| < 2. It follows that

52011 ,2011
/c 72011 | 52010 52009 1dz - /|Z:R 72011 1 52010 | 52009 1dz
for all R > 2 by CIT.

We have
ZZOll 1 Z2009 —z+ 1
72011 |~ 72010 4~ 72009 4 | =1- = + z(22011 4 22010 4 72009 4 1)'
Since
22009—Z—|—1 < R2009+R+1
z(22011 4 72010 1 72009 4 1) = R(R2011 — R2010 _ R2009 _ 1)
for |z| =
72009 _ > 41 gz| < 27‘((R2009 +R+1)
/ll _R z(22011 72010 4 72009 4 1) 2| = R2011 _ R2010 _ R2009 _ |
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13.

and hence
lim 22—z 41 o
R—o0 J|z|=R 2(22011 | 72010 2009 4 1) = U

And we have p
/ dz = 0 and 4z _ 27ti.
|z|=R |z|=R Z

Therefore,

52011
/ dz = —2711
22011 52010 4 ;2009 4 |

Calculate

22008
/ dz
C ZZOO9 +z+ 1

where C is the circle |z| = 2 oriented counter-clockwise.

Solution. First, we prove that all zeroes of 22 4 z + 1 lie inside the circle
|z| = 2. Otherwise, z2°% + z + 1 = 0 for some |z| > 2. Then

1 1
2tz 4+1=0= 14 55+ 5 =0
On the other hand,
1 1 1 1 1 1
‘1 T ~2008 T ~2009 z1- | 2| 2008 N |2[2009 z1- 92008 $2009 >0

for |z| > 2. Contradiction. So all zeroes of z2°% + z + 1 lie inside the circle
z| = 2 and hence z29% /(229 + z + 1) is analytic in |z| > 2. Therefore,

2008 2008
/ 2009 dz = / 2009 dz
zj=2 27 +z+1 z|=R 22099 +z + 1

for all R > 2 by Cauchy Integral Theorem.
We observe that

Z2008 1 z+ 1

2200 741z z(2294z41)

For |z| =R > 2,

z+1 R+1
Z(Zzoo9+z_|_1) — R(R2009—R—1)
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and hence
[ e dz| <
z|=R 229 +z + 1 R2009 — R —1
It follows that
z+1
li dz = 0.
Rovoo )=k 2209 +z +1 ‘
Therefore,
/ = dz = lim 2 z
2|=2 220 +z +1 R z|=R 2200 +z 4+ 1
. dz .
= lim — = 27Ti.

R—o0 |z]l=R Z

14. Let C be the circle |z| = 1 oriented counter-clockwise.

(a) Compute

1
S —;
/czz—&z—l—l z

(b) Use or not use part (a) to compute
T 1
——d6
/o 4 — cos6

Solution. The function

1 1
228241 (z—4—/15)(z— 4+ /15)

has a singularity in |z| < 1 at z = 4 — V/15. Therefore,

1 1
————————dz=2mi lim
/c122—82-|—1 z=4-y15 (z — 4 — /15)(z — 4 + V15)

—27'(i< 1 ) T
z—4—+/15

z=4—+/15 B \/E
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That is,
/ 1 /7‘[ deie
—_——dz = : :
cz2—8z+1 _e20 —8eif + 1
] T ei@
- Z/;n €2i9 — 8€i9 + 1d0
_ ./” 1 0
= _pef et 8
i [T 1
= —— ——d6b
2/)_14—cosf
_ ./” 1 0
- 0 4 — cosf
Therefore,

T 1
——df = —
/o 4 — cos@ V15

15. Compute the integral

/” dx
72— (cosx +sinx)’

Solution. Let z = ¢”*. Then dz = ie’*dx, dx = —idz/z and hence

/” dx B /” dx
72— (cosx+sinx) Jox2— (e e ¥)/2 — (eix —e~ix)/(2i)

B —idz

C Jp=12z— (22 41)/2 — (22— 1) /(20)
. dz

= (=1 /|Z|:1 2 -2(1+i)z+i

) dz
Sl B e ey

_ 2mi(i — 1) _ o

Zy — 21

where z; = (1++/2/2) + (1 ++/2/2)iand z; = (1 — v2/2) + (1 —+/2/2)i.
|
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16. Let f(z) be an entire function satisfying

f(z1+22)| < |f(z1)| + [f(z2)]

for all complex numbers z; and z;. Show that f(z) is a polynomial of degree
at most 1.

Proof. We have
Zfzk 21 —|-sz +Zka
= f(z1+22) + Zf(zk)

k=3

— flatz)+ )+ Y flz)

k=4

— flatz )+ kéf(zk)

=...=flz1+z24+...+2z4) = (i )

Therefore,

Zf Zx) Z1 —l-f(Zz)—i— —i-f(Zn) —f(Zl-l-Zz—l- —i—Zn = (Zxk>

for all complex numbers z;,zy, ..., z,. Particularly, this holds for z; = z; =
.=z, =z/n:

z
nf (=) = f(2)
for all z € C and all positive integer n. Let M be the maximum of |f(z)| for
z| = 1. Then

f@l=n|f (=

) <o

for all z satisfying |z| = n.

By Cauchy Integral Formula,

f'(z0) = %/ (Zf_(zzlpdz

|z[=n
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17.

for |zg| < n. Since

f(z)
(z—20)3
for |z| = n and |zo| < n,

L L] < 2

7T z—2p)3 (n—|z0])%

)| _ M

2=z T (n—zl)?

And since
lim —ZnZM = lim 2M /7
=Tzl s (1 [zl /)

=0,

we conclude that f”(zg) = 0 for all zy. Therefore, f'(z) = a is a constant and
f(z) = az+ b is a polynomial of degree at most 1. |

Let f(z) be an entire function satisfying that |f(z)| < |z|? for all z. Show
that f(z) = az? for some constant a satisfying |a| < 1.

Proof. For every z, € C, we have

1" . 3! f(Z)
fiz) = 27 /|Z—Zo|=R (z— 20)4dz

for all R > 0. Since
f(z) 2

2P (Rt =]
(z—zp)*

- R* T R*

for |z — z9| = R,

=] [ o

27ti (z—2z0)* | — R3

And since

. 6(R+|z))2 .. 6 zo]\*
pjim ———r—— = lim o {1+ 7] =0,

we conclude that |f"'(z9)| = 0 and hence f"”'(zp) = 0 for every z, € C.
Therefore, f'(z) =0, f"(z) = 2a, f'(z) = 2az+ b and f(z) = az®> + bz +¢
for some constants a,b and c.

Since |f(z)| < |z|% |az? + bz + ¢| < |z|? for all z. Take z = 0 and we obtain
lc| < 0. Hence ¢ = 0. Therefore, |az> + bz| < |z|?> and hence |az + b| < |z] for
all z. Take z = 0 again and we obtain |b| < 0. Hence b = 0. So |az?| < |z|?
and hence |a| < 1. In conclusion, f(z) = az* with a satisfying 4] <1. N
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18. Let f(z) be a complex polynomial of degree at least 2 and R be a positive

number such that f(z) # 0 for all |z| > R. Show that

dz
/z|—R O

[Refer to: problem 4 in section 4.3]

Proof. Let f(z) = ap+ a1z + - - - + a,2", where a, # 0 and n = deg f. Since
f(z) #0for |z| > R, 1/ f(z) is analytic in |z| > R. Hence

dz dz
/|z=R fz) ~ /z|=r f(z)

for all r > R by Cauchy Integral Theorem.
Since
f(2)] > lanl|z|" = |anallz]"" = - = |ao|

we have
1

f(2)

for |z| = r sufficiently large. It follows that

1
= an|rt = Jag et = — agl

27Tr

‘ dz
al=r f(2)| 7 |an|r® = |apa|r"=1 =+ —|ao|
And since n > 2,

X 27Tr

lim

P ] = Jan [T =

27T
res nlag|r=1 — (n —1)]ag_q|r—1—--- — |ay)

by L'Hospital. Hence

dz ) dz B
ore = tm ) g o
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3.3 Improper integrals
1. Compute the integral
/°° xdx
0 x34+1°

Solution. Consider the contour integral of z/ (2% 4 1) along Lr = [0, R], Cg =
{z=Re":0<t<2r1/3} and Mg = {te?™/3 : 0 < t < R}. By Cauchy
Integral Formula,

/ zdz n / zdz / zdz B / zdz
LR Z3+1 CR Z3+1 MR Z3+1 N |Z—€ni/3|:1/2 Z3+1

By Cauchy Integral Formula,

/ zdz 2mtiexp(7i/3)
z—emi3=1223 +1  (exp(mi/3) +1)(exp(7i/3) — exp(—mi/3))
2mexp(ri/3)
(exp(7i/3) +1)V/3
For z lying on Ckg,
z < R
2241~ R3—-1
and hence
/ zdz < 27tR
crz2+1] ~ 3(R3—-1)
It follows that
: zdz
lim 0

R—o0 CRZ3‘|‘1 -

R
/M % = exp(47ri/3)/ xdx

< Z° o x3+1

And

Therefore, we have

(1—exp(4m'/3))/0°° xdx  2mexp(mi/3)

B+1  (exp(mi/3) +1)V3

/°° xdx 2@
0o X¥+1 33

and hence
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2. Compute the integral

/°° Ccos X dx
o x*+1
Solution. Since cos x/(x*+ 1) is even,

/°° cosx / cosx
0 x4‘|‘1 2 oox4‘|‘1

/°° cosx / g
0 x4+1 ) o Xt +1

since e* = cos x + isin x.

Actually, we have

Consider the contour integral of ¢?/(z* + 1) along the path Lx = [—R, R]
and Cr = {|z| = R,Im(z) > 0}, oriented counterclockwise. By Cauchy
Integral Theorem, we have

eiz d eiz d
/LRZ4‘|‘1 Y ) A

eiz eiz
= n dz + 4—012
|z—emi/4|=1/2 Z* + 1 |z—e37i/4|=1/2 2% + 1

By Cauchy Integral Formula,

e enifi—1)2 28+ iz = (e7i/+ — o3I/ 4 (prii/4 _ g—rmi/&) (gmi/4 _ g3/ 4)
71— ) exp((—vVE+ivE)/2)
2v2

/ oiZ 2 it (V2+iv2)/2
|

and similarly,

/ e’z mt(1+1i)exp((—v2 —iv2)/2)
dz =
|z—e37i/4|=1/2 zt+1 2\/§
Therefore,
iz iz —\/5/2
e e 7te _
st | mate= "y (cos(v2/2) 5in(v2/2))

For z lying on Cg, ¥ = Im(z) > 0 and hence |¢*| = ¢¥ < 1. Hence

e’z 1
<
z4+1‘ = RIC1




3.3. Improper integrals

57

and it follows that

Since

we conclude that

Therefore,

/°° cos x
0o x*+1

eiz
/CR zt+1

lim

R—>ooR4—1 -

lim

dz| <

TR

iz

R—o0 J g z4+1

1 o) eix
d :-/ 4
SN BN I L
1 eiz

— lim

2 R—oo LRZ4—|—1

e V2/2

Co2v2

o

TR

0,

dz
V2

2

— R*—1

dz = 0.

) + sin (\é_

2

)
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Chapter 4

Series

4.1 Taylor and Laurent series

1. Find the Taylor series of the following functions and their radii of conver-
gence:

(a) zsinh(z?) at z = (;

(b) e atz = 2;

224z

(1-2)

at z = —1.

(©)

n=0 n=0
B io: 1 — _1)n22n+1
a n=0 2 n!
00 Z4m+3
N mz_lo (2m +1)!

where we observe that (1 — (—1)")/2 = 0 if n = 2m is even and 1 if
n =2m+ 1 is odd. Since f(z) is entire, the radius of convergence is co.

59
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(b) Let w =z — 2. Then z = w + 2 and

() n oo 2 n
z __ w2 2w 2 w_ 6(2—2)
e =e"""=ee"=¢ — =)y ——
n! n!
n=0 n=0
Since f(z) is entire, the radius of convergence is co.

(c) Let w = z+ 1. Then

Z2+z  wr-w 4 3 N 2
(1-2)2 (2—-w)? 2—w  (2—w)?
We have
B 3 3 1 __§iw_”__°°3w”
2—w 21— (w/2) 24 02n L o
and
2 (2N 1 ’
R-w)2 \2-w/) \1-—(w/2)
/
oown oonwn—l
(L%)-L=
_i(n+1)w”
= 2n+1
Therefore,

2 (e ) n o0 n
z_+z :1_Z3w +E(n+1)w.

(1 2)2 o 2n+l o 2n+1
& (n=2)(z+1)"
T Zl on+l :
n=

Since f(z) is analytic in |z + 1| < 2 and has a singularity at z = 1, the
radius of convergence is 2.
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2. Find the Taylor series of (cosz)? at z = 7.

Solution. Let w = z — 7t. Then

(cosz)? = (cos(z + 7))* = (cosw)?

iw —iw\ 2
_ (e —|—2€ ) _ }L(BZiw—FB_Ziw—FZ)
1 Q)" 1 & (=2i) w1
T4 ng;‘) n! + 4 ,;) n! + 2
1 N 1 (ZZ)ZnWZn 1 N i (_1)n22n—1w2n
2 2= (2n)! 2 = (2n)!
00 (_1)n22n—1w2n 00 ( 1)n22n—1(z 71_)214
=1+ 1+
; (2n)! 1;1 (2n)!

3. Let f(z) be a function analytic at 0 and g(z) = f(z?). Show that ¢>*~1(0) =
0 for all positive integers n.

Proof. Since f(z) is analytic at 0, f(z) = Y, ,4,2" in some disk |z| < r.
Therefore, ¢(z) = f(2%) = Yo a,2°" in |z| < /7 and hence

0 (m) O 0

8 S )Zm — Z anz2n

m=0 n=0
And since the power series representation of an analytic function is unique,
we must have ¢")(0) = 0 for m is odd, i.e.,, m = 2n — 1 for all positive
integers n. |

4. Find the Laurent series of the function

z+4
flz) = z2(z2 4+ 3z 4 2)

in

(@ 0< |z| <1,
(b) 1< |z] < 2;

©) |z] >2;
d)0<|z+1| <1.



62

4. Series

Solution. We write f(z) as a sum of partial fractions:

z+4 5 2 3 1

z2(z%2 + 3z + 2) _Z+?+z+1 C2(z+2)

For 0 < |z| < 1,

=3 —1)"z"
z+1 1;0( )
and
1 1 1 1 i (=1)"z"
2(z+2) 41+ (z/2) 442 2¢
Therefore,
5 2 > 1 & (—1)"z"
_ _ > “ -1 nn _
f(z) 5 +Zz+37;)( )z 41;0 >
_ 2 5 = n —n—2\n
=5 ZJF,;,( )"(3—-2"""7)z
For 1 < |z| < 2,
3 3 1 3 i (=1)"
z+1 z14+(1/z) z47= =z"
and
1 1 1 1 i (—1)"z"
2(z+2) 41+ (z/2) 4= on
Therefore,
5 2 3& (=) 1T & (1)t
fE) =gtz il
- 3(_1)11 1 1 - nn—n—2_n
=) Zn+1 _Z_2+Z_Z(_1)2 z
n=2 n=0
For 2 < |z| < oo,
3 3 1 3 i (=1)"
z+1 z14+(1/z) z57= z"
and
1 1 1 1 i (=1)"2"
2(z+2) 2z1+(2/z) 2242 z"
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Therefore,
5 2 3R (-1 1 & (—1)n
R e D D
B i (_1)n+1(3_2n—2)
_n=3 z"
For0 < |z4+ 1] <1, welet w = z+ 1 and then
z+4 5 2 3 1

22 +32+42) 20-w) (I-wp w 2wLl)

For 0 < |w| < 1,

5 5
_ — w’
2(1 —w)) 27;‘)
2 (2 >’ <°° ) 0
=—) = 20" | =) 2(n+1)w"
i-wr \i-w) ~ & 5
and
1 1
- = 3 L (1w
2(w+1) 27;)
Therefore,

5. Write the two Laurent series in powers of z that represent the function

1
f(Z):m

in certain domains and specify these domains.

Solution. Since f(z) is analytic at z # 0, 14, it is analytic in 0 < |z| < 1 and
1< z| < oo,
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For 0 < |z] < 1,
1 1 1
0= =1 ()
1 o0 o0
— E Z( 1)112214 — Z(_l)nZZn—l
n=0 n=0
and for 1 < |z| < oo,
1 1 1
f@=asa~5 (1 - (—z—2)>
1 (e ) o
— ; Z( 1)nz—2n — Z(_l)nZ—Zn—C%
n=0 n=0
|
6. Let ,
z
fz) = 72 —3z+2

Find the Laurent series of f(z) in each of the following domains:

(@ l<|z| <2
b)1<|z—-3| <2

Solution. First, we write f(z) as a sum of partial fractions:

z? 14 3z —2 14 4 1
22-3z+2 = (z—=2)(z—-1) =~ z-2 z-1

Inl<|z| <2,

2 2 11
22—3z+42 1—2z/2 z1—-1/z

= 1—2i2_”z”—1iz_”
n=0 z n=0
- _1— Z 21—nzn - >N

n=1 n=1
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Inl<|z—-3| <2,

z2 4 1
“3z+2 T3)+1 2+ (z-3)

)
43(1+1/z— >_%(1 (1 )/2)
1

oy z——il g

311*0 211:0
1 o (e
—— 4 1n+1 n2n1 3n
2t Ef ) oL )

7. Let
2
Z
f&) =273

Find the Laurent series of f(z) in each of the following domains:

(@) 1< |z] <2
b)0<|z—-2] <1

Solution. First, we write f(z) as a sum of partial fractions:

z? 14 z+2 14 4 1
22—z—-2 (z—=2)(z+1) —  3(z—2) 3(z+1)
Inl<|z|]<2
2 2.1 11
22—z—-2 = 31—z/2 3z1+1/z
2 & 1 &
—1-= o 1)ty

3Z =P MO

1 (e 0) (e 0)

— 5_ Z 1 nn 3 Z(_l)nz—n

= n=1
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mn0<|z—-2|<1,

2, 4 11
22 —z—2 3(z—2) 33+(z—2)
P N 1
3(z—2) 91+ (z—2)/3
4 1
=1 — Y (=1)"37"(z —2)"
8 4 >
— _ - _J.n+1 —n—2 —_ o\
9 + 3(2 _ 2) —l_n:l( ) 3 (Z )

8. Find the Laurent series of )

e —1

in z up to z° and show the series converges in 0 < |z| < v/27.

e — 1 has a zero at 0 of multiplicity one and hence f(z) has pole at 0 of
order 1. So the Laurent series of f(z) is given by

o a_ "
f(z) = Z a,z" = 71 +ag+ a1z + arz? + a3z + Zanz

n=-—1 n>4

in 0 < |z| < r for some r > 0.
Since (¢* — 1)f(z) =1, we have

1= <a1 + a0z + mz” + 12° + a3zt + ) anlz”>

n>5

z z2 2 Z"
14242202 .
<+2+6+24+120+Z(n—|—1)!>

n>5
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Comparing the coefficients of 1, z, z2, z°> and z* on both sides, we obtain

( ﬂ_1:1
a_

ﬂo+7120
a a_

! mt 5+ =0

aq ap ﬂ_l_

ﬂ2+2 + 6 + 4 =0
an aq aop a_1q

4 4+ — 4+ =0
(T2 7% T24 " 120

Solving it, we havea_; =1,a9 = —1/2,a1 =1/12,a, = 0and a3 = —1/720.

Hence - 5
z  z ;
fE) =5 7 T L7
and ) ) . ) )
TN N on
=gt 750 T o

Note that f(z) is analytic in {z : ¢ —1 # 0} = {z # 2nmi}. So it is
analytic in 0 < |z| < 27t. Therefore, f(z?) is analytic in 0 < |2?| < 27, i.e.,
0 < |z| < v/27. So the series converges in 0 < |z| < v/27T. |

4.2 Classification of singularities

1. For each of the following complex functions, do the following;:

e find all its singularities in C;
e write the principal part of the function at each singularity;

e for each singularity, determine whether it is a pole, a removable singu-
larity, or an essential singularity;

e compute the residue of the function at each singularity.

1
(cosz)?

(@) f(z) =

Solution. f(z) is singular at cosz = 0, i.e., z = nt+ /2. Let w =
z—nm — 7t/2. Then

1 1 1

(cosz)?  (cos(w +nm+m/2))2  (sinw)?’
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Since sinw has a zero of multiplicity one at w = 0, f(z) has a pole of
order 2 at z = nm + 7t/2. So

1 ___a_2 a_q n
(sinw)?  w? t +1;)anw '
Since )
‘ » 00 (_1)nw2n+1 o, 00 ,
(sinw)” = (1;) T =w -I—';bnw
we have

1= <—+—+Zan ) (wz—i—ibnw”).
n>0 n=4

Comparing the coefficients of 1 and w on both sides, we obtain a_, =1
and a_; = 0. So the principal part of f(z) atz =nm+ /2 is
1
(z—nm—r/2)?

with residue 0.

®) £) = (1= ) exp ;)

zZ

Solution. Since e* =Y > ,z"/n!,

o0

(1—2%) exp (%) (1—2% Z

gk

n=0
= I>n I-n—3 '
“onlzn =inlz —= n!

n=1
> (1 1 1 2, 25"
) =—31-
:L:‘l(n! (n+3)!> =Tl L n!
Therefore, f(z) has an essential singularity at z = 0 with principal part

i (%_ (n41-3)!>zl”

n=1
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and residue

1 1 23
Resf&) =g~ 1~ 20
H
sinz
(© f(z) = 22010
Solution. Since
sinz (—1)nz2+1
~2010 22010 E (2n+1)!
00 (_1) Z2n 2009
- ZO 2n+1)!
1004 (1 );21-2009 0 (__1)1521-2009
P f o
@i+ & (2n+ 1)
f(z) has a pole of order 2009 at z = 0 with principal part
1004 (_1)712271—2009
,;) (2n+1)!
and with residue
Res sinz _ (=D 1 |
25 22010 — (2.1004 1+ 1) 2009!
H
d “
(d) f(z) = 11—

Solution. Since 1 —z*> = (1 —z)(1+ z), f(z) has poles of order 1 at 1 and
—1. Therefore,

Res . _ & __¢
=11-22 (1-22)|,_, 2
and i . )
e e
R = = —.
s (1—-22)|,_, 2e

And the principal parts of f(z) atz =1and z = —1 are

2(z—1) 2e(z+1)

respectively.
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© f2) = (1=Pewp (3
Solution. The function has a singularity at 0 where
1-Pep (1) =(1-2)) o
B 20 (n!l)z” - ; (n!)lz”—z
=1+ n; (ml)zn — ;3 (n!)lznz — (P+z+ %)
= 22—z 4 % + 1; (nvl)zn N 1; (n +12)|Zn
— —zz—z+%+§ (%— (niZ)') z "

So the principal part is

i <% a (niZ)!) 2"

n=1
the function has an essential singularity at 0 and

1 1 5
Resflz) =11 -3 =¢
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1
(sinz)?

(f) f(z) =

Solution. The function has singularities at k7t for k € Z. At z = knt, we
let w = z — k7t and then

n=0
-1
1 © (1 n+1.,,2n
) 1- Z ( ) w|
w ~= (2n+1)!
B 1 & 00 (_1)n+1w2n
w? mgo (nzl (2n +1)!
1 = "
=3 1+ nglzanw
So the principal part at k7t is
v
(z — k)2

the function has a pole of order 2 at k7t and

Res f(z) =0

z=krm

1 —cosz

(g) f(Z) - 22

Solution. The function has a singularity at 0 where
l—cosz 1 ( i (—1)mz*\ 1 i (—1)mHiz2n
22 22 = (2n) ) 22 (2n)!

B 00 (_1)71—!—12271—2
N rg (2n)!
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So the principal part is O, the function has a removable singularity at 0
and

R/ (2=

eZ

(h) f(z) = 2Z=1)

Solution. The function has two singularities at 0 and 1. Atz =0,

Z(Ze_z 1>2 — % (Ti) ;) (2(11 + 1)Zn>

So the principal part at 0 is 1/z, the function has a pole of order 1 at 0
and

Res f(z) =
Atz =1, weletw =z —1 and then

e~ el—i—w

2(z—1)? (1—|—w)w2 =2 (%F) (T;)(—l)nwn>
w2<1+w+2 )(1—w+2 )
:%(14—2@@0“)

So the principal part at 1 is

(z—-1)

the function has a pole of order 2 at 1 and

R /)=
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(i) f(z) =tanz

Solution. The function has singularities at {cosz = 0} = {z = kr +
w/2:keZ. Atz=krn+ /2, weletw =z — krt — 71/2 and then

cos w

sinw

Since sin w has a zero of multiplicity 1 at w = 0, tan z has a pole of order
1 at z = kmr 4 7t/2. Therefore

T T
tanz:tan<w—|—k7t—|—§) :tan<w+5> - _

( COS ZU) cosw

= -1
sin w (sinw)’

w=0

Res tanz = Res
z=kmt+710/2 w=0

and the principal part of tanz at z =kt + /2 is

I 1
w z—kn—m/2
|
: o\ . 1
() f(z) = (1 —z)sin (E)
Solution. The function has a singularity at 0 where
. 1 x© —1)"
(- Zz) o <E> == ZZ) ,g) ((2n —(l— 1))!)22n+1
_y (- i": (—1)"
= ((2n+1)N)z2Ht = ((2n+ 1))z
_ - (_1)71 * (_1)11
- ;g) (2n+1)1)z2+1 ; (21 + 1)) 221
B () (_1)n (e 9] (_1)n+1
m +;;) ((2n 4+ 1))z 1 B r;) (21 + 3)1)z2nH

3
© 1 1 21
— —z+n§)(—1) ((2n+1)! * (2n+3)!> :

So the principal part is

N ((Zn i 0 (2n i 3)!) .

n=0
Therefore, the function has an essential singularity at 0 and

1 1 7
Resflz) =11 t3=¢
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eZ

) f(2) = o

M flz) =5

Solution. The function has a singularity at 0 where

eZ
2011 2011 7;) n!

0 ,n=2011 2010 ,n—2011 0 n—2011
p— p— —l—

Z n! Z n! n!

=0 =0 n=2011

Therefore, the principal part of f(z) atz =0is

2010 Z11—2011

|
n=0 n.

and f(z) has a pole of order 2011 and residue

1
Res f(z) = 55701

atz = 0. [ |
COSZz
_ 3

Solution. The function has singularities at {z> — 2> = 0} = {z = 0,1}.
At z = 0, z2 — 2> has a zero of multiplicity 2 and hence f(z) has a pole
of order 2. Suppose that the Laurent series of f(z) at z = 0 is given by

COS Z aA_p, a4
= —+—+) a2

z2 — 73 z2 z =
Hence
® (1) 2n
(22 — 2%) ——I———i—Zanz :cosz:l—l—Z%.
1n>0 = (2n)!

Comparing the coefficients of 1 and z on both sides, we obtain that
ap=1anda_;—a_, =0and hencea_; = a_, = 1. So the principal
part of f(z) atz=0is

1 1
22z
with residue
Res f(z) = 1.

z=0
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At z =1, z2 — 22 has a zero of multiplicity 1 and hence f(z) has a pole
of order 1. Hence

COS Z COS Z
Res

=122—28 (22— 2) sl = —cos(l)
and the principal part of f(z) atz =11is

~cos(1)
z—1"

4.3 Applications of residues

1. Compute the integral
/” dao
0 2—cosf
Solution. Since 1/(2 — cos ) is even,
/” ae 1/" do
0 2—cosf 2J_52—cosf
Let z = ¢". Then cosf = (z+z71)/2 and d0 = —iz'dz. Hence
/ﬂ' a 1/” do
0 2—cos® 2J_ 52— cosf
B / —idz
 J=12z2—(z+2z71)/2)

i/ dz
a =122 —4z+1

The function
1 1

22—4z+1  (z-2—-/3)(z—2+/3)
has a singularity in |z| < 1 at z = 2 — /3. Therefore,

/ az = 27t Res 1
|z|=1 22 —4z+1 2:2_\@22—4Z—|—1

= 2711 1 = — i
(Zz —4z + 1>/ z=2—/3 \/5
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Therefore,

/” a7
0 2—cos® /3
2. Calculate the integral

/o a-+bcosH > b

3. Evaluate the contour integral of the following functions around the circle
|z| = 2011 oriented counterclockwise:

1
: p
SINZz
1
eZz _ ez'

()

(b)

Solution. (a) f(z) =1/ sinzis analyticin {z # nm : n € Z}. It has a pole of
order one at n7t since (sinz)’|,—,, = cos(nm) = (—1)" # 0. So

11

R - = (—1)".
S sinz cos(nr) (=1)

Therefore,

dz . 1
/ =27 Z Res ——
|z|=2011 Sin z In7t| <2011 z=n7m SIN Z

=2mi Y (—1)" =2mi.
|n| <640

(b) f(z) = 1/(e* — ¢*) is analytic in
{e —e* #£0} ={e* #1} = {z # 2nmi:n € Z}.
Since (¢ — €*)'|,—ouni = 1 # 0, f(z) has a pole of order one at 2n7i. So

1 1
Res‘ 2z Z = 2 2z Z =1
z=2nmi €<~ — € €™ — € |, i
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Therefore,
dz , 1
/ ———=2m ) = Res ——
|z|=2011 €7~ — € 27| <2011 z=2nmi €<% — €
=2mi Y, 1=2m Y 1=1282mi.

|2n7ti| <2011 n|<320

|

4. Let
f(z)=(z—m)(z—az)...(z—ay,)

be a complex polynomial with n > 2 distinct roots a5, ay, ..., a,.

(a) Prove that

dz i 1
= 271
/z| -r f(2) k; [Tk (ax — ay)
for R > |ay| (k =1,2,...,n).
(b) Use (a) and Cauchy Integral Theorem to prove that
i 1
k=1 Hj;ék(ak — El])

for all distinct complex numbers a5, ay, ..., a,.

=0

Proof. By Residue theorem,

/|Z| Rf —ZmZRakf

At each ai, 1/ f(z) has a pole of order one and

~1
1 (Hj#k<z - a]-)) B 1
Res ¥y — Nes z—a T T —ay)°

Therefore,

dz L 1
/IZI=R flz) 27t k_Z{ [Tizk(ax —aj)
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Since deg(f(z)) =n > 2,

dz
~~ _0
/|z=R f(z)
by Problem 18 in Section 3.2. Therefore,

& 1

— 0.
= e (ax — a))

. Use Cauchy Integral Theorem or Residue Theorem to show that

1 dz 1 No(=1)"
/ 2 g :_+2Z(2)2
27 Jcy zsinz 6 = n°m

and conclude that

(-n™=t 1 1 1
2 lTptmTp Tt

Solution. The function f(z) = 1/(z?sinz) has singularities at z = n for

neZ.So
1

R
27ti /CN z2sinz Z =nm 22 sinz

by Residue Theorem.

At z = nm for a nonzero integer n,

Z2

£ 0.

#0 and (sinz)

Therefore, 1/(z*sinz) has a pole of order 1 at n7t for n # 0. It follows that

1 (-1
n?m2cos(nm)  n2m?

1 1
Res — = S
z=nnz2sinz ~ z2(sinz)

for n # 0.

At z = 0, z%sin z has a zero multiplicity 3 and hence 1/(z*sinz) has a pole
of order 3. Suppose that the Laurent series of f(z) at z = 0 is given by

a3 + a_z ‘|‘ Z lln

Z=nrt
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Then
7 . a_s a_j a_q
z smz( + ="+ . +Zanz”>

2
= (1 — Z—‘ + Z bnz”> <a3 +a ,z+a 12>+ Z anz”> = 1.
n>3

3! =5

3
Z Z n>0

Comparing the coefficients of 1, z and z? on both sides, we have

a_3 = 1
a_p, = 0
a_
11— == =0
Solving the equation, we obtaina_; =1/6,a_, =0and a_3 = 1. So
1 1
R =
it z2sinz 6
Therefore,
1 d 1 1
- / Z = 2 Res :
27i Joy z?sinz | & z=nn z2sinz
1 n=—1 (_1)n n=N (_1)n
"6 + nZN n2s? + ~= n2m?
We observe that i L,
()" _ (-1)

and hence we obtain

1 dz 1 N o (—1)"
/ 2 o :_+22<2)2'

271 Joy z*sinz - 6 = n°r
By Problem 11 in section 3.2, we have
dz

, 1
lim —/ >—— =20
N—eo 2771 JCy 27 SINZ

Consequently,

- (—1)"
JFZZ1 5 =0

N

That is,
2
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4.3.1 Improper integrals

COoSs X

1. Compute the integral / ————dx

—oox4+x2+1

Solution. since ¢ = cos x + isinx,

©  cosx 00 el
— dx =R / - d
/_oox4+x2+1x e<_oox4+x2+1 x>

Actually, we have

/°° COS X dx—/oo el i
o XA 24177 e xt 4+ a2+1

in this case since sinx/(x* + x? + 1) is odd.

Consider the contour integral of ¢/ (z* + z> + 1) along the path Lg =
[—R,R] and Cr = {|z| = R,Im(z) > 0}, oriented counterclockwise. By
CIT or residue theorem, we have

/ Ldz—k/ e—lzdz
LRZ4—|—22—|—1 crzt+22+1

ZZ

_2mszkz4+zz+1

where 21,2, .. .,z, are the singularities of e’z / (z* 422+ 1) inside the region
{|z| < R,Im(z) > 0}.

We find the singularities of ¢/ (z* 4+ z> + 1) by solving z* + 2> +1 = 0:
we observe that (z2 —1)(z* + 2?4+ 1) = 2 — 1. So the function has four
singularities +e/% and +e*"/3. Two of them /3 and ¢*"/3 lie above the
real axis. Therefore,

e e?
/LRZ4+22+1 o G2+l
eiz iz
™ (z e?fls/3 z4 422 +1 + 2262673/3 z4 4+ 72 4+ 1)
Since all zeros of z* + z? + 1 have multiplicity one, all poles of

eiZ/(Z4 _|_ZZ 4 1)
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have order one. Therefore,

Res e” - " _exp((—V3+1i)/2)
i3zt 42241 (244224 1) | s V3i—3
and
Res " = e" _exp((—=v3-1i)/2)
izt + 2241 (224224 1) | _pnis V3i+3 .
Hence

eiZ eiz T 1 1
4 12 11 ——dz = — 3 _ 3 si - -
/LR Z4+22+1d2+/CR Z4+22—|—1 Z 3 <\/_COS <2> + 3 sIin (2>)

For z lying on Cg, ¥ = Im(z) > 0 and hence |¢*| = ¢e¥ < 1. Hence

ez 1
<
z4+z2+1| SRI_RZ 1

and it follows that

e’z TR
——dz| <
/ch4+z2+1 Z‘ SRR -1
Since R
. T
vy
we conclude that .
lim [ — % dz—o.

R—oo Jop 24+ 22+ 1

Therefore,

/°° cosx o _ /°° el s
o X241 e xt+x241
iz

R—oo JLp 2% 4+ 27 + 1

=5 (es(3) voon(3))

2. Compute the integral

/°° sin x Ix
o X2 2x 42



4. Series

Solution. since e”* = cos x + isin x,

/oo Sin X dx = Im /Oo e dx
o X2 2x2 4277 o X2 2x2 42

Consider the contour integral of e”/(z? + 2z> + 2) along the path Lg =
[—R,R] and Cg = {|z| = R,Im(z) > 0}, oriented counterclockwise.

Since ¢/ (z% + 2z + 2) has two isolated singularities at —1 & i with —1 +1
lying inside the curve Lg U Cg, we have

eiz eiz
d / d
/LR22+222+2 2 cp 224222 +2 2

eiz
—27i Res ——
T[Zz:—ela—i z2 4+ 22 +2
1z
(22 +2z2+2) | ,__q14
271 —1—1
= mexpz(i i—1) = %t(cos(l) —isin(1))

by Cauchy Integral Theorem or residue theorem.

= 2711

For z lying on Cg, y = Im(z) > 0 and hence |¢”*| = ¢¥ < 1. Hence

1
<
— R2—2R%2-2

eiz
z2 422242

and it follows that

e’z R
S —
/CR22+22+2 Z' =RZ_2R?_2

Since R
) T
AT orr 5 Y

we conclude that ,
elZ
li dz = 0.
R Cp 22+ 222 +2 z

/Oo sin X dx = Im /Oo e dx
Ceo X2 2x2 4277 o X2 2x2 42
eiz

= Im (1%1_r>r010 /LR 72 4272 + 2d2>

T
= —Zsin(1).
esm()

Therefore,
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